We study a power-series expansion for a conserved quantity K in the case of the two-dimensional Henon-Heiles potential. An alternative technique to that of Gustavson [Astron. J. 71, 670 (1966)] is applied to find the coefficients in the expansion for E. The technique is used to determine twelve orders for the conserved quantity E, more than twice as many as that calculated by Gustavson. We investigate the degree of constancy of our truncated E in regions where the motion is known to be chaotic and also where it is nonchaotic.
 Fig. 1 
(a).
The technique used in this paper simply begins with a formal power series in the coordinates and velocities for a quantity K. By taking the time derivative of K and inserting the equations of motion, a recursion relation involving the power-series coefficients is derived and the resulting equations are solved. ( 
II. RECURSION RELATION FOR THE EXPANSION COEFFICIENTS
In this section we will derive and discuss the properties of the expansion coefficients for a conserved quantity K for motion corresponding to the Hamiltonian H of (1.1).
It is useful to introduce the complex notation z =x +iy. 
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The time derivative of (3.4) gives now a quantity which is fourth order in the coordinates and velocities.
The extensions of the process to determine the fourthorder b's presents a special problem because the equations determining these b's have nontrivial homogeneous solutions. This situation can be simply understood from the fact that the time derivative of products of terms like h, h, where h, and h are two second-order terms from (3.2}, are now fifth order in the coordinates and velocities. Therefore, the associated b coeScients must satisfy (2.3) in homogeneous form. In fact, homogeneous solutions to the recursion relations (3.2} for the b's always exist for any even-order n due to the fact that products of n /2 factors of the second-order h, possess time derivatives of order n+1. Ah'"'=O, where the generalization to higher even orders is evident and each of these terms represents a particular K "H in lowest order. Note that the b coefficients associated with terms in (6.1) all possess the even symmetries expressed in (5.4)-(5.6).
At even-order n, the special subsets of homogeneous solutions of the form (6.1) each give rise to column vectors which we designate h, '"' satisfying (3.6). We shall insist that these column vectors h, '"' be orthogonal to the column vector b'"', which is a solution to the recursion relation at this order thus satisfying (3.5). Thus we re-
In effect, our procedure throws out the uninteresting terms K "H by requiring that our solution to (3.5) be orthogonal to the K"H in the sense of (6.2) in the lowest order in which they appear. The requirement (6.2} thus wipes out the components of b'"' in the subspace spanned by h, '"', which results in minimizing the norm of the vector b'"' at each even order. This process also eliminates some of the arbitrariness in K introduced by the homogeneous solutions at even order. As we shall indicate in Sec. VII, arbitrariness introduced in the even-order solutions by the presence of homogeneous terms other than (6.1} is eliminated by the requirement that consistent solutions exist at even orders. The end result is a cornpletely unique formal power series for the conserved quantity K.
VII. SYSTEMATIC GENERATION OF SOLUTIONS TO THE RECURSION RELATIONS
We now wish to summarize our discussion of the previous sections. Described here is the systematic process by which we generate consistent and unique solutions to the recursion relations (2.3) and deal with the ambiguities which arise due to the presence of homogeneous solutions to these equations at even order. All calculations are done using the program MACSYMA. The following is an outline of the first few steps taken to produce a unique formal power series for the conserved quantity K, the generalization higher orders being straightforward.
(i) n =4. The solution for the b coefficients is given by the homogeneous equation (3.5) with n =4, subject to the symmetry conditions (5.4} -(5.6). Two linearly independent solutions result, corresponding to H2 and the square of the angular momentum h4. We now minimize the norm of the fourth-order b coefficients by requiring that our solution be orthogonal to the subspace spanned by Hz as discussed in Sec. VI. This requirement can be expressed in the form (6.2), where the column vector h, ' ' consists of the b coefficients of H2. This now determines a unique fourth-order solution for the b's, up to an allover multiplicative factor which we set equal to 1.
(ii) n =5. At this order we must solve a set of linear equations of the form (3.5) with n =5. The inhomogeneous term c ' is determined by the fourth-order coefficients resulting from (i). In this case, as for every odd order, there is a unique solution for the fifth-order b coefficients.
(iii) n =6. We again have homogeneous solutions.
After requiring the symmetry conditions (5.4) -(5.6), we find that there are three linearly independent homogeneous solutions two of which are in the special subset (6.1).
Consistent solutions to (3.5) can again be found in this case. By requiring that (6.2) be satisfied using the two special n =6 homogeneous solutions in (6.1), we minimize the norm of the sixth-order coefficients. The residual arbitrariness in the solution for the sixth-order b coefficients is characterized by a single parameter associated with the third homogeneous solution. This parameter is carried along until it is determined [see step (v) ] at eight order.
(iv) n =7. As mentioned earlier, there are no homogeneous solutions at this or any other odd order. As in the case n = 5, there is a unique solution to (3.5) for the seventh-order coefficients. The inhomogeneous term c' ' and, therefore, the solution for the seventh-order coefficients will depend upon the single arbitrary pararneter introduced at sixth order.
(v) n =8. At this order there are four linearly independent homogeneous solutions satisfying the symmetry requirements, three of which are in the special set (6.1). There will be consistent solutions to (3.5} if and only if
In this section we present our results for the form for the quantity K calculated through 15th order. We also give preliminary results for the calculation of K along selected representative trajectories with different energies and comparable initial conditions. We use the Verlet algorithm'
for the numerical integration, and except where indicated otherwise, the mesh size used in the numerical computation of the trajectories is 0.01 s. We call our dimensionless time unit seconds (s) for convenience. [0291] =49.277 57 whereas chaotic trajectories are expected at the two higher energies.
In Fig. 1(a) Fig. 1(a) . In Fig. 1(b) we have plotted E evaluated as a summation from the 4th though the 7th, 11th, and 15th orders to give a feeling for the convergence of the series. In Fig. 1(c) we have plotted just the 11th-and 15th-order curves from Fig. 1(b Fig. 2(a) Fig. 3 the initial conditions are the same as in the cases of the previous two energies. In this case we get chaotic behavior as is indicated by Fig. 3(a) , where the points no longer lie on smooth curve. From Figs. 3(b) and 3(c) we see that the series for E appears to be diverging or perhaps asymptotic at certain times. In Fig 4 we have used initial conditions y =0. 12, x =0. 0, y=0. 0, and x positive. We see from Fig. 4(a) that the trajectory appears to be nonchaotic. Figure 4( 
